The effect of advection on the critical minimal speed of traveling waves is studied. Previous theoretical studies estimated the effect on the velocity of stable fast waves and predicted the existence of a critical advection strength below which propagating waves are not supported anymore. In this paper, the critical advection strength is calculated taking into account the unstable slow wave solution. Thereby, theoretical results predict, that advection can induce stable wave propagation in the non-excitable parameter regime, if the advection strength exceeds a critical value. In addition, an analytical expression for the advection-velocity relation of the unstable slow wave is derived. Predictions are confirmed numerically in a two-variable reaction-diffusion model.
I. INTRODUCTION
Traveling waves are basic patterns emerging in excitable media and are observed in many physical, chemical, and biological systems. In chemical systems, propagating excitation waves can be found in the BelousovZhabotinsky (BZ) reaction 1,2 . Many important examples of excitation waves are found in biological systems, in particular, neuronal systems, such as the action potential, a wave of electrical depolarization that propagates along the membrane of a nerve cell axon with constant shape and velocity 3 , or spreading depression (SD), a wave of sustained cell and tissue depolarization caused by a massive release of Gibbs free energy that propagates through gray matter tissue 4, 5 . Besides, intracellular waves of calcium have been observed 6, 7 . In physical systems, a large variety of spatiotemporal patterns has been shown to occur during the oxidation of CO on a Pt(110) surface [8] [9] [10] .
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As a model for these traveling waves, we consider excitable media of activator-inhibitor type. This macroscopic description is used to study the generic behavior of traveling waves in reaction-diffusion-advection systems. The spatial coupling within the medium is primarily given by diffusion, while advection is introduced in either of two ways. First, external forcing can lead to advection which changes the excitation properties of the unforced reaction-diffusion system. In this case, the advection term models the mean flow, for instance, of ions driven by an externally applied constant electrical field 11, 12 . This case has been studied in the chemical BZ reaction 13, 14 and in some preliminary studies in cortical SD 15 . Second, in two-dimensional reaction-diffusion media, a small curvature of a wave front can also formally lead to an advection term under some approximations resulting in a reduced reaction-diffusion-advection description in one dimension 12, 16, 17 . Front curvature effects have been observed in the BZ reaction 18, 19 Let us firstly consider excitable media of activatorinhibitor type in one spatial dimension with diffusion,
This system has two variables u(x, t) and v(x, t) called activator and inhibitor, respectively, that depend on time t and space x. The parameters D u and D v are the diffusion coefficients of activator u and inhibitor v, respectively. The parameter ε is the time scale ratio between u and v.
Next, we specify the activator rate function f (u, v) and inhibitor rate function g(u, v) as FitzHugh-Nagumo dynamics [22] [23] [24] , that is, f (u, v) = 3u−u 3 −v and g(u, v) = (u + β + γv). Note, that in the most general case of FitzHugh-Nagumo systems-defined as f (u, v) having a cubic nonlinearity in the first argument u and being linear otherwise, in particular, g(u, v) is linear-there are only three free parameters: ε, β, and γ. With diffusion, only one more free parameter is introduced, because one of the two diffusion coefficients D u and D v can be set to unity by scaling space.
FitzHugh-Nagumo dynamics is chosen, as it provides a mathematically tractable excitable medium of activatorinhibitor type and we further simplify this system to obtain only two free parameter as follows. Inhibitor diffusion is assumed to be slow and hence negligible, i.e.,
In the remainder, we refer to D u as D and note that formally, it is not a free parameter anymore as it can be set to unity by scaling x accordingly. Moreover, we chose to set γ = 0. These simplifications are further discussed in Sec. V.
With only the two parameters ε and β left, the influence of an additional advection term is more easy to illustrate and also the suitable regime of β can readily be seen. The parameter ε has to be chosen, in any case, much smaller than unity, because only slow inhibitor kinetics render dynamics excitable. In the local FitzHughNagumo system (D u = D v = 0) and at any arbitrary position x 0 , the parameter β determines whether the dynamics at x 0 is in the excitable regime (β > 1) or exhibits self-sustained periodic oscillations (β < 1). In the following, we only consider the excitable regime, which is in parameter space near the oscillatory regime.
B. Traveling waves and co-moving coordinate frame
Next, we consider traveling waves, i.e., solutions of Eqs.
(1)-(2) with a constant propagation velocity c and
that is, a stationary profile in the co-moving coordinate ξ = x + ct. Without loss of generality, we only consider waves propagating in negative x-direction, see Fig. 1a .
Traveling waves are stationary profiles in co-moving coordinate frames. To find these, Eqs. be transformed to
An advection term, added to Eq. (1) or Eq. (3), may arise through different mechanisms.
C. Advection
Let us only briefly mention the quantities and how they relate formally to an advection term in an 1D approximation of curved RD fronts in spatially two-dimensional media 16 . Propagating slightly curved wave fronts (R L), where L is the width of the rising front, can be approximated by
with A = D R , where R is the curvature radius of the front. For a detailed derivation, see Ref. 16 . The term A ∂u ∂ξ is called advection term.
As it is not readily obvious, we will also briefly derive that basically the same set of equations, i.e., Eqs. we set the diffusion to zero is a reasonable assumption.
Particle motion could then be affected by a homogeneous external field (e.g. an electrical field of strength E), which is applied parallel to the propagation direction, and Eqs. (3)- (4) read
c ∂v ∂ξ
where F is the strength of the field and zE = −F with the valence z of the ion.
Changing the velocity of the co-moving frame toc,
One can interpret this system in the co-moving frame withc as a system with advection only in the activator with advection strength A, see Fig. 1a . Forc = c(A),
where
The first and the second mechanism now are described by the same equation, as Eqs. (10)- (11) and Eqs. (5)- (6) are the same. In stationary coordinates, this reads Thus it is reasonable to take into account the slow wave solution when calculating the critical properties, i.e. the critical surface in the (ε, β, A) space, which separates the excitable and the non-excitable parameter regime and a critical velocity c cr depending on advection A. 
The nonlinear Eikonal equation
c(A) ∂v ∂ξ = ε(u + β).
and introducing c * and 
which has the same form as the FitzHugh-Nagumo model without advection (Eqs. (3)- (4)). Thus c * has the same dependency on ε * and β as the propagation velocity c| A=0 (see Eqs. (3)- (4)) on ε and β. The velocity c| A=0 for the fast and the slow wave can then approximately be calculated using a singular perturbation theory 27 . The Solving Eq. (25) for c s (A), we obtain
The valid advection-velocity relation for the slow wave 
For values of ε above this critical surface, wave propagation is impossible. Fig.(3) shows the propagation velocity of the fast, c f (A), and the slow, c s (A), waves as a function of advection strength A for different values of β (Fig.(3)(a) ) and ε (Fig.(3)(b) ). The analytical advection-velocity relation for the slow wave Eq. (27) for increasing absolute value of advection strength A < 0. being to small over a large range of parameters, see
IV. NUMERICAL VALIDATION
above. (Eq.(32)).
Media without advection are excitable, if the propagation velocity of the fast wave is larger than this critical velocity (parameter regime above the critical line in Fig.(4) ) and non-excitable, if the propagation velocity of the fast wave is smaller than this critical velocity (parameter regime below the critical line in Fig.(4) ). Negative advection A < 0 causes a deceleration of traveling waves, which in turn can induce a destabilization of an originally stable wave, if the fast wave is decelerated below the critical velocity c cr (A cr ) 16 .
On the contrary, positive advection A > 0 causes an acceleration of traveling waves, which in fact can induce stable wave propagation in the former non-excitable parameter regime, if the fast wave is accelerated above the critical velocity c cr (A cr ).
In Fig.( 
